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A B S T R A C T 

In this study, a simplified dissolution model has been developed to evaluate the performance of continuous leaching reactors. The model 
considers continuous reduction of the surface area of particles using the distribution of their size and residence time. The model was validated 
by the bioleaching of a pyrite-arsenopyrite concentrate in the pilot plant scale, which resulted in good agreement between the experimental 
data and the predicted values. The developed model was also used to predict the outlet mass density function of particles, whose results 
showed that the mean particle size would not necessarily decrease as the mean residence time in the leaching process decreased. Using this 
model, the effect of operating parameters (e.g., particle size distribution, inlet flow, reagent concentration, kinetic parameters, and the type of 
residence time distribution) on the reactor performance can be predicted. Therefore, the model can be used for dynamic and static analyses 
of leaching circuits as well as designing and optimizing the processing plants. 
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1. Introduction

Modeling leaching reactors is among engineering aspects of
hydrometallurgical processes that can be used for design and scale-up 
purposes as well as for optimizing the operating conditions such as feed 
flow rate, chemical reagents flow rate, temperature, pressure and etc., in 
order to obtain the highest amount of conversion [1]. A powerful 
leaching model permits predicting the operation status in a specified 
reactor with a set of input data such as particle size distribution (PSD), 
residence time distribution (RTD), and leaching kinetics of the particles. 

One of the methodologies used for Modeling multistage leaching 
reactors is the population balance model (PBM) based on conserving 
the number of particles, as shown in equation 1 [2-4]: 
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where ( , )n l L dldL  is the number of particles per unit volume in size 
range of l  to l dl which has an initial size range of L  to L dL . The 

symbol is the mean residence time distribution (mRTD) and ( , )R l L

is the rate of particle shrinkage obtained from the unreacted shrinkage-
core model.  

The segregated flow model (SFM) is another method that assumes 
each particle behaves as a tiny batch reactor that remains in contact with 
bulk solution during its residence in the reactor [5, 6]. The amount of 
conversion for a steady-state reactor is given as equation 2:   
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where BX is the batch conversion, ( )f l is the mass density

function of particles in the inlet stream and ( )E t  is the exit age 
distribution of the reactor. 

As equations (1) and (2) show, the PBM approach applies mRTD, 
while SFM can use any type of experimental or ideal RTD. Dixon [7] 
mentioned that PBM is a rough and problematic method for Modeling 
the leaching reactors because of its tendency towards infinitude as 
particle size moves toward zero. Thus, SFM and its improved model 
'Multiple Convolution Integral (MCI)' have remarkable potential for 
modeling and simulating leaching reactors.  

Kotsiopoulos [8] applied a segregation approach to the population 
balance model of a continuous bioleaching system that can be used for 
dynamic systems as well. In this approach, the overall reaction rate 
(mole/volume/time) and conversion were best described and predicted 
by incorporating both the mass density function and the internal age 
distribution. The differential form of the overall reaction rate is shown 
in Equation 3: 
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where Rr (
3.

mol

m s
) is the overall reaction rate, r  (

2 .

mol

m s
) is the 

intrinsic surface reaction rate, pA is the specific particle surface area, 
PM is the particle mass, RV is the reactor volume, MS is the fraction 

of pure sulfide mineral in the ore, and TN is the total number of 
particles in the reactor. According to equation 4, the total number of 
particles should appear with the number density function than the mass 
density function. Hence, equation 3 is not mathematically sensible.   
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where 0M  (kg) is the total mass of particles inside the reactor, 

( ) ( )nf L d L  is the number fraction of particles with size L  to L dL  ,

( ) ( )f L d L  is the mass fraction of particles with size L  to L dL  and 
pM (kg) is the mass of a particle [4]. 

The purpose of this study is to develop an overall reaction rate model 
for continuous leaching systems that use both segregation flow and 
population balance concepts. Here, the correct relationship between 
number and mass density functions of particles was used to extend a 
simpler model than equation 3 that uses the total number of particles in 
the mass density function at one side of the equation. The outlet mass 
density function of particles was also derived from the developed model. 
Using the outlet mass density function of particles, the performance of 
subsequent tanks can be evaluated. The presented models can be used 
for sensitivity analysis of system factors for improving the design, 
control and performance of metallurgical plants.  

2. Model development 

2.1. Overall reaction rate 

In leaching reactor Modeling, it is necessary to obtain the equation 
for the overall reaction rate, designing, and circuit analysis of the 
leaching process. The overall reaction rate of sulfide minerals is usually 
described based on the mineral’s surface oxidation rate [9-11]. Hence, 
particles of different sizes will show different rates of leaching; therefore, 
in continuous systems, PSD affects the overall reaction rate and should 
be considered for Modeling purposes. Besides, the reaction between the 
particles and reactants does not take place at the same time, meaning 
that RTD can be considered for the system. Consequently, the overall 
reaction rate should be described by integrating the PSD of the inlet 
stream, the shrinkage kinetic of particles, and the RTD of particles inside 
the reactor. Mckiben [10] showed that for the batch system, the overall 
reaction rate can be described based on equation 5: 

R
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where spr is the specific rate law (
2.

mol

m s
), A  is the total surface area 

of particles ( 2m ), and V  is the batch reactor volume ( 3m ). The 
surface area of one particle and hence its diameter decreases due to the 
reaction, which depends on its age in the reactor. The dependency of 
particle diameter to the shrinking particle kinetic and time has been 
described as equation 6 [9, 8]: 
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where ( , )Ll   is the diameter of the particle (m) with age   with the 

initial size of L ,    is the particle density (
3

kg

m
), and MeSM  is the 

molar mass of the sulfide mineral (
kg

mol
). For continuous systems, the 

total surface area, ( , )LA  , is obtained by summing the surface area of 

all particles in the reactor. On the other hand, the number of particles in 
each size fraction is not the same and the feed has its density function 
based on the number of particles. Hence, for the total surface area, 

( , )LA  , with age  , which has the initial diameter of  L , equation 7 

can be written as follows: 
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where 
( , )
p

L
a 

 is the surface area of the particle with age    with the 

initial diameter of L  and ( )I   is the internal age distribution. 

Then, if equations 6, 7, and 4 are replaced in equation 5, the overall 
reaction rate for the continuous system is obtained as follows: 
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where spr  depends on the concentration of the chemical reagent in 

the pulp and can be explained as 
n

sp ir k C    , in which k is a constant 

and iC is the concentration of reagent i [12]. Therefore, if the 

parameter TN  is used, the number density function is a suitable 
function to describe the surface area and equation 3 can be improved to 
equation 8. In order to simulate the mass density function, Rosin-
Rammler’s function can be used as equation 9 [13]: 
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where m is the distribution parameter, *L  is the normalizing size that 

is (63.21% passing size for this case) and L  has the range of  0, .  

In equation 8, a perfect mixing tank in a series model can be used for 
estimating the internal age distribution [13]: 
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where  is obtained by dividing the tank volume by volumetric flow 
rate of pulp into the tank. The symbol M is the number of tanks in the 
series.  

2.2. Mass balance of components 

For determining the comprehensive description of species 
concentration over time or in the steady state in a given leaching reactor, 
the equations that describe different reaction steps need to be combined 
and integrated into a dynamic mass balance. The mass balance equation 
can be written in a simplified form as follows [14]: 
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where [ ]jC  is the concentration of species j (
3

mol

m
), F  is the 

volumetric flow rate (
3m

h
),V is the reactor volume ( 3m ),  ,j iv  

refers to the stoichiometric coefficients that is the number of moles of 

each species j consumed or produced in reaction i, and R
i

r  is the 

reaction rate of species j in the reaction i.  
In population balance modeling, the number density function is 

balanced directly, but in equation 11, when balancing is carried out on 
the solid phase, the number of particles and its distribution is embedded 

in the overall reaction rate ( Rr ). Therefore equation 11 is also a 

population balance model due to including PSD that contains both 

mRTD (
V

F
) and RTD.  

2.3. Mass density function of particles in outlet stream 

According to equation 6, the diameter of particles decreases over 
time, hence the PSD of outlet stream should be reconstructed and used 
for the subsequent tank. Therefore, in order to develop the mass density 
function of particles, equation 12 is taken into account for the outlet 
stream as follows: 
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where outM  is the total solid flow rate of the outlet, ( )outf L is the 

mass density function of the outlet and p
outM is the mass flow rate of 

the particle at the outlet that depends on the age and initial size. 
Also, the same equation could be written for the inlet stream as 

equation 13: 

( ) ( ) ( ) ( )
p T

in nin
M f L d L M N f L d L         (13) 

where inM  is the total mass flow rate in the reactor inlet and p
in

M

is the mass flow rate of the particle at the reactor inlet. 
The comparison of equations 12 and 13 shows that the mass of 

particles in L to L+dL size fraction decreases. Also, the number of 
particles is equal to that of the inlet stream, unless the particles 
disappear due to leaching.  

Since the mass of a particle in the outlet depends on the initial size 
and age of particles inside the reactor, equation 14 can be written for 
outlet stream using equation 12 and 13: 
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If equation 14 is simplified, equation 15 can be written:  
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Equation 15 can be solved directly or by variable transformation 
presented by Dixon [5]. 

3. Validation and simulation 

For validating the developed model, the bioleaching data of a gold 
bearing concentrate from the pyrite-arsenopyrite flotation process of 
Fairview Mine near Barberton, Transvaal, South Africa, were used [15]. 
The size and chemical analysis of the feed is shown in Table 1.  

Table 1. Analysis of the Fairview concentrate used as the validation dataset [15] . 

Size analysis  Chemical analysis  

Mass retained% Size (𝛍m)  Analysis% Component  

4-6 +71  23.2 Total Sulphur  

8-11 +56  24.7 ]Iron  

4-5 +48  5.5 Arsenic  
5-6 +36  143.6 Gold (g/t)  

10-11 +28     
7-8 +20     

50-60 -20     

 The volume of the first parallel tanks was 10 m3. Temperature and 

pH in the plant were maintained at 40℃  and 1.6, respectively. The 
modified version of the 9K nutrient medium was used initially. The used 
culture was a mixed Thiobacillus culture that had become very well-
adopted to the Fairview concentrate. The plant feed was maintained at 
a pulp density of 120 kg m-3, equivalent to a liquid-to-solid ratio of 8:1.  
When the plant was running appropriately and the operation factors 
were adjusted at the mentioned amounts, the flow rate of slurry was 
regulated to obtain the desired residence time. Once the operation at a 
specific residence time was stabilized, the feed rate was increased to 
evaluate the new steady-state condition [15]. 

The leaching of pyrite concentrate with ferric ion and bacterial 
oxidation of ferrous ion can be described as the following equations: 

3 2 2
2 2 414 8 15 2 16FeS Fe H O Fe SO H                  (16) 

2 3
2 24 4 4 2Fe O H Fe H O                                                       (17) 

The mass balance equation for pyrite can be written as equation 18: 
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The amount of conversion in the steady-state is obtained according 
to equation 18: 
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The results of applying equation 19 to the experimental data is shown 
in Fig. 1. According to [14], the order of reaction for the sulfide mineral 
is usually 0.5 and in this research, the order of reaction, n, and the 

constant of specific rate law, k, was obtained 0.55 and 32.63 10

0.45

1.35

mol

m day
, respectively. In this section, the ideal RTD with one tank 

was used to optimize k and n. If the experimental RTD with non-ideal 
characteristics, such as dead volume or by pass flow rate [16, 17], are 
available for the system, more accurate values can be obtained for 
optimization purposes. In order to evaluate the effect of RTD and PSD, 
the new distribution of these functions should be used for optimizing 
and obtaining the new amounts for n and k. When the parameters n and 
k are available, the equation (11) can be used for calculating the 
concentration of other elements using the related reaction rates. In this 
study, all of the calculations and plots were carried out using the 
MATLAB package.  

 
Fig. 1. Fitting the model to the experimental data of the first tanks. 

The result of fitting the model on the overall reaction rate is shown 
in Fig. 2. As shown, the overall values of reaction rate modeling 
containing RTD and PSD are in good agreement with the experimental 
data. When the mean residence time is increased, the time required for 
dissolution increases and some of the particles disappear. Hence the 
number of particles decreases and due to direct relation of the overall 
reaction rate to the available surface area, the overall reaction rate 
decreases. Therefore, for improving the performance of the reactor, 
effective factors on the overall reaction rate, such as mass transfer of 
oxygen and the ferric to ferrous ratio, can be included. Enhancing the 
mentioned factors improves the overall reaction rate. The shape of the 
mass density function can affect the overall reaction rate, and the larger 

distribution parameter, *L , with the same mean particle size, can lead 
to a positive result for the overall reaction rate. 

 
Fig. 2. Fitting the overall reaction rate to the experimental data. 
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Regarding decreasing the particle size due to the leaching mechanism, 
Dixon [7] presented equation 20 as a new method to predict the mass 
density function of particles in the outlet stream of reactor N, 
normalized to the distribution of feed, ( )f  , using the unreacted 
fraction in the tank 1 X . The area under the actual mass density 
function or its normalized distribution at the outlet of any reactor 
should independently be 1, while according to the MCI method, this 
area decreases similar to the fraction unreacted in the tanks (Fig. 3). On 
the other hand, the MCI method, which is not a new method, is a 
different solution to the SFM method.  

max

0

1 ( )N NX f d



                 (20)  

 
Fig. 3. Reconstructed PSD of the outlet stream of reactor N [5]. 

The simulation result of the outlet mass density function for different 
mean residence times is shown in Fig. 4. 

 
Fig. 4. The simulation result of the particle mass density function for the outlet 

stream for different mean residence times.  

As Fig. 4 shows, the fraction of particles in smaller sizes decreases with 
increasing the mean residence time. On the other side, the mean particle 
size is not necessarily decreased. The reason for this can be due to the 
complete leaching and disappearance of a huge number of particles in 
the ultrafine size fraction that shifts the mean particle size toward the 
size of larger particles. According to [18], this phenomenon is probably 
related to the distribution of feed material that increases or decreases 
the mean particle size of the outlet stream compared to the inlet flow. 
Despite their rather narrow size distribution, the particles leaving the 
reactor are, on average, smaller than those entering it. However, for the 
wide distribution, the mean particle size is larger (Figs. 5, 6).  

 

 
Fig. 5. The mass density function of particles leaving equally-sized reactors with a 

wide distribution of feed particles [18]. 

 
Fig. 6. The mass density function of particles leaving equally-sized reactors with a 

narrow distribution of feed particles [18].  

In Fig. 5 (and 6), the mass density of particles in the outlet stream was 
calculated by the population balance model, which was in agreement 
with the results of equation (15) in Fig. 4.  

The same result has been reported by [19] for the mass density 
function of chalcopyrite leaching in each autoclave compartment. 
Similarly, the reconstructed PSD of the outlet stream proposed for Fig. 
3  is shown in Fig. 7. The same trend can also be seen for this example.  

 
Fig. 7. The mass density function for the outlet stream of the reactors proposed 

for Fig. 3. 

4. Conclusion 

The overall reaction rate, which considers the mass density function 
and the internal age distribution, was developed and validated for pilot 
plant data.  The results showed a good agreement between the 
experimental data and the Modeling values. Despite the models that are 
used only for estimating the amount of conversion for steady-state 
systems, modeling the overall reaction rate can be used in dynamic 
systems. The improved model can be also used for predicting the mass 
density function of the outlet stream. The model showed that the mean 
particle size of the reactor outlet depends on the feed PSD and kinetics 
of leaching, and can be larger than the feed due to the disappearance of 
ultrafine particles. 
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