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A B S T R A C T 

 

This paper aims to study the mechanical behavior and failure mechanism of intact rocks under different loading conditions using the grain-
based model implemented in the Universal Distinct Element Code (UDEC). The grain-based numerical model is a powerful tool to investigate 
the complicated micro-structural mechanical behavior of rocks. In the UDEC grain-based model, the intact material is simulated as assemblies 
of a number of polygonal blocks bonded together at their contact areas. To investigate the ability of such a numerical framework, the uniaxial 
and triaxial compression tests as well as the direct tensile test were simulated in the UDEC and then the results were compared with that of 
the laboratory experiments undertaken on the Hawkesbury sandstone. There was a good agreement between the experimental and numerical 
results under different loading conditions. In order to investigate the effect of micro-properties of the grain-based model, blocks and contacts, 
on the laboratory scale intact rocks, a set of parametric studies was undertaken. The results from this analysis confirmed that the block size is 
an intrinsic characteristic of a model which has a significant effect on the mechanical behavior of the numerical models. In addition, it was 
concluded that cohesion and friction angle of contact surfaces control both the uniaxial and triaxial compressive strengths. Finally, it was 
found that in the triaxial compression test, as the applied confining pressure increases, the effect of contact cohesion on the strength decreases 
while the effect of the friction angle increases. 
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1. Introduction

Mechanical behavior of brittle rocks is primarily controlled by the 
shape and size distribution of grains, as well as the cementation or 
matrix (bond) between the grains [1]. Failure mechanism of rocks has 
been one of the main concerns of rock engineers due to its role in the 
stability assessment of rock structures. The formation of a failure plane 
is a result of initiation and propagation of micro-cracks that depends on 
the inherent mechanical properties and stress distribution among the 
grains [2]. The bonds between the grains also play an important role in 
the strength and deformation behavior of rocks [3]. In a micro-scale 
model, the failure initiates by the generation of small cracks at the 
boundary of crystalline grains followed by the coalescence of micro-
cracks and the rupture of the intact material [4]. 

Conducting laboratory experiments to understand how grains and 
bonds control the mechanical behavior of intact materials is problematic 
due to the difficulties in preparation of specimens with similar grain 
structures and various cementations even with artificial materials [3]. 
Since the early 1980s, there has been a significant growth and 
improvement in numerical models, which have been employed to 
simulate the initiation and propagation of the failure in rock-like 
materials.  

Two approaches are typically used to numerically simulate the failure 
process including the sliding crack model [5, 6] and the force-chain 
model [7], as shown in Fig. 1. In the former, the presence of a weak plane 
is required to occur the sliding before the tensile stresses generate the 
wing cracks at the tips of the weak planes (Fig. 1a). In the force-chain 

model, the heterogeneous nature of grain assemblies results in 
concentration of local tensile stress, which then leads to the breakage of 
bonds under the tension (Fig. 1b). The sliding crack model indicates that 
under a compressive loading condition, rocks are weaker in shear than 
in tension and the sliding should occur first to generate the tensile 
cracks, while in the force-chain model, the shear fractures develop once 
a sufficient number of the tensile cracks appears [8]. A review of 
previous studies clearly shows that the sliding crack model cannot 
efficiently simulate the early stage cracking process of rock-like 
materials and the measured crack initiation and growth in rock 
materials supports the concept of the force-chain model [2, 7-9]. 

Recent developments in the Discrete Element Method (DEM) and 
the computer technology have led to revolutionary advancement in 
understanding the complex failure mechanism of rock-like materials. 
DEM involves all modelling techniques that treat the materials as 
separate bodies that are allowed to displace or rotate, and are also able 
to automatically recognize the new contacts in the simulation process 
[11]. Two commercial DEM codes of Universal Distinct Element Code 
(UDEC) and Particle Flow Code (PFC) have been widely used to 
simulate the mechanical behavior of rock materials. In PFC, the intact 
material is simulated as assemblies of circular (2D) or spherical (3D) 
particles bonded together at contact points, called Bonded Particle 
Model (BPM). BPM has shown promising results in reproducing many 
mechanical features of rocks in laboratory and large-scale experiments 
[12-18]. However, BPM suffers from underestimation of the tensile 
strength and the slope of failure envelope [7, 19, 20]. To resolve these 
issues, many attempts have been undertaken, such as reducing the size 
of particles and refining the particles shape by clustering [7] or by 
clumping [9, 21], changing the particle size distribution and reducing 
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the porosity [22] and applying the grain-based model (GBM) [23]. 
However, challenges still remain. 

 
(a) 

 
(b) 

Fig.1. Models for cracking simulation of heterogeneous assemblies of grains: a) 
Sliding crack model and b) Force chain crack model [10]. 

Implementation of the Voronoi tessellation generator in UDEC has 
been a major improvement in efficient simulation of a polygonal 
structure of intact materials. In this method, the intact material is 
partitioned into polygons with a pre-defined edge length and size 
distribution. These polygons represent the mineral grains, which are 
bonded together. These grains are not breakable and the failure occurs 
at the polygonal boundaries. The force-displacement relationship 
between the grains follows the same rules as that of BPM with exception 
of the bonding at contacts area as opposed to the point-type contacts in 
BPM.  

This paper aims to investigate the ability of the Voronoi model in 
reproducing the mechanical behavior of the Hawkesbury sandstone 
under different loading regimes. To this end, the direct tensile, and the 
uniaxial and triaxial compressive tests were simulated using the Voronoi 
model and the results were compared against the laboratory data. In the 
Voronoi model, the mechanical behavior of materials is controlled by 
micro-properties of the grains and bonds. To assess how these micro-
properties control the macro-scale response of the materials, a 
parametric study on these parameters was then undertaken.   

2. UDEC grain-based model 

As noted earlier, the micro-structure in the Voronoi model is 
simulated as the assemblies of a number of distinct deformable or rigid 
polygons. An automatic built-in Voronoi generator has been 
implemented in UDEC, where a specified region in the model can be 
sub-divided into randomly sized polygons. The logic of the Voronoi 
tessellation algorithm is shown schematically in Fig. 2. In this algorithm, 
a set of points is randomly distributed within the tessellation region (Fig. 
2a). These points are allowed to move in the iteration procedure. The 
user specifies an iteration number to control the uniformity of the 
spacing between the points. A greater number of iteration leads to a 
more uniform tessellation. Triangles are created between all points and 
each triangle is circumscribed within a circle containing triangular 
vertices, called the Delaunay triangulation (Fig. 2b). Afterwards, 
bisectors of all triangles that share a common side are constructed to 
form the Voronoi polygons (Fig. 2c). Finally, these polygons are 
truncated at the boundary of the model (Fig. 2d) [24, 25].                                     

 
Fig. 2. Voronoi tessellation generator logic used in UDEC: (a) Random 

generation of points, (b) Creation of the Delaunay triangulation, (c) Generation 
of the Voronoi blocks and (d) Truncation of polygons at the boundary of the 

tessellation region [24]. 

The mechanical behavior of the Voronoi model is controlled by 
micro-properties of blocks and contact areas, as shown in Fig. 3. Each 
Voronoi polygon is subdivided into finite difference zones and obeys the 
isotropic elastic deformable model. The deformability of blocks is 
controlled by micro-properties of bulk modulus (K) and shear modulus 
(G). The Voronoi contacts follow the Coulomb sliding area model, as 
shown in Fig. 4. The micro-scale properties of the Voronoi contacts 
consists of normal stiffness (kn), shear stiffness (ks), cohesion (c), 
friction angle (ϕ) and tensile strength (σt). The force-displacement 
relationship in the normal direction is assumed to be linear and is 
controlled by the normal stiffness according to: 

  (1) 
Where is the effective normal stress increment and is 

the normal displacement increment. When the applied normal stress 
exceeds the tensile strength (  ), the bond breaks under the 
tension where the tensile strength is reduced to zero. The movement of 
particles toward each other leads to the particles overlap, as shown in 
Fig. 4. 

The shear strength of bond    is determined by the contact 
properties of c and ϕ as follows: 

 (2) 
When the shear stress is lower than the shear strength, the response 

of the Voronoi contacts is controlled by the shear stiffness based on: 

 (3) 

   
Fig. 3. Micro-parameters of UDEC grain-based model. 

Where is the effective shear stress increment and  is 
the elastic component of incremental shear displacement. When the 
shear stress exceeds the shear strength (  ), the bond breaks 
and the sliding occurs along the shear crack [3, 26]. 
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 (4) 

 
Fig. 4. The Coulomb contact slip model [27, 28].  

3. Simulation of the mechanical behavior of the 
Hawkesbury sandstone  

This section investigates the ability of the Voronoi modelling in 
reproducing the mechanical behavior of rocks under different loading 
regimes. The results of experimental tests on the Hawkesbury sandstone 
were used for this purpose. The Hawkesbury sandstone forms the 
bedrock of Sydney region, Australia, and many civil and mining 
structures have been constructed in or on this bedrock [29-31]. 

3.1. Modelling procedure 

Numerical specimens having a width of 50 mm and a height of 100 
mm were generated and the uniaxial and triaxial compression tests as 
well as the direct tensile test were simulated. A schematic illustration of 
the uniaxial compression test simulation is shown in Fig. 5. In the 
uniaxial compression test, a velocity of 0.01 m/s was applied to the upper 
and lower boundaries of the model, and the applied axial stress was 
measured during the loading process. Preliminary study showed that 
this velocity rate is low enough to ensure that the specimen fails in a 
quasi-static condition. Four measurement points were placed at the top 
and bottom of the specimen and the axial strain was recorded during 
the loading process by dividing the measured axial deformation to the 
length of specimen. The lateral strain was recorded by measuring the 
horizontal displacement of the measurement points, which were placed 

at the left and right sides of the specimen. 
In the triaxial compression test, a constant normal stress was applied 

to the left and right boundaries of the model during the loading process. 
In the direct tensile test, the velocity boundary conditions were applied 
in the opposite direction for applying the uniaxial tensile loading. 

 
Fig. 5. Simulation of the uniaxial compression test. 

3.2. Micro-parameters calibration     

The micro-parameters, referred above, cannot be measured in a 
laboratory and needs to be determined through the calibration process. 
Calibration is an iterative process to reproduce the mechanical 
properties of intact rock measured from laboratory experiments [19]. 

In the calibration process, first, the grain size should be chosen. The 
grain size should be small enough to ensure that the macro-scale 
fracture coalescence is independent of the geometries of the Voronoi 
blocks [32]. Then, the Poisson’s ratio is calibrated that is dependent on 
elastic properties of the deformable block (K and G) and contact 
stiffness ratio (kn/ks). Once the contact stiffness ratio has been set, the 
contact’s normal stiffness and shear stiffness are calibrated to reproduce 
the Elastic modulus. In the final stage, the contact strength properties 
are calibrated to recover the strength properties measured in the 
laboratory [33, 34]. The calibrated micro-properties are presented in 
Table 1.  

Table 1. Calibrated micro-scale properties. 
Block parameters Contact parameters 

Density 
(kg/m3) 

Size 
(mm) 

Bulk 
modulus 

(GPa) 

Shear 
modulus 

(GPa) 

Normal 
stiffness 

(GPa/mm) 

Shear 
stiffness 

(GPa/mm) 

Cohesion 
(MPa) 

Friction 
angle 
(Deg.) 

Tensile 
strength 
(MPa) 

2650 2 5 2 15 6.8 7.5 25 2.5 

3.3. Validation study  

The stress-strain curve of the numerical model under the uniaxial 
compression test is shown in Fig. 6. The sample failed in the brittle mode 
having a good agreement with experimental results (Fig. 7). The 
generation and coalescence of tensile cracks along the vertical axis of 
specimens was the failure mechanism in both experimental and 
numerical cases, which was then followed by the development of a steep 
plane and its concurrent sliding. 

The triaxial compression tests were undertaken at different confining 
pressures ranging from 1 to 10 MPa and the results are shown in Figs 8 
and 9. As the confining pressure increases, the peak strength increases 
and the post-peak behavior transits from a brittle regime to a ductile 
one. Increasing the confining pressure also alters the failure mode, as 
shown in Fig. 9. Increasing the confining pressure results in a reduction 
of tensile cracks initiation and propagation in which the failure occurred 

through the creation and sliding along a shear plane. 

 
Fig. 6. Stress-strain curve of the calibrated numerical model. 
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Fig. 7. Comparison of the failure modes resulted from numerical model and 

experimental test under the uniaxial compression. 
        

 
Fig. 8. Effect of confining pressure on the stress-strain curve in the voronoi 

model. 

The strength of the Voronoi models under different loading regimes 
are compared against the measured experimental tests in Fig. 10 (the 
deviations of experimental tests are shown by error bars). These results 
clearly show that the Voronoi model can properly reproduce the 
strength of material under different loading conditions. Since the shape 

of grains in the Voronoi model is polygonal, the interlocking between 
the particles and the resistance against the rotation of grains takes place 
and leads to a suitable reproduction of the failure envelope, while in the 
PFC model due to circular shape of particles, the reproduction of the 
failure envelope is not feasible. 

 
Fig. 9. Effect of confining pressure on the failure mode in the voronoi model. 

        

 
Fig. 10. Comparison of the results of numerical model and experimental tests 

under different loading regimes. 

The results from numerical simulations of the uniaxial compression 
test, the direct tensile test and the triaxial compression tests are 
presented in Table 2 and they are compared against the experimental 
tests on the Hawkesbury sandstone. It can be seen that the numerical 
results are in good agreement with the laboratory data. These results 
clearly show that the Voronoi model is able to reproduce the mechanical 
behavior of intact materials under different loading conditions. 

 Table 2. Comparison of the results of numerical and experimental tests. 

Experiment Uniaxial compression test Direct tensile test 
Triaxial compression test 

Mohr-Coulomb Hoek-Brown 

Parameter UCS (MPa) E (GPa) ν σt (MPa) c (MPa) ϕ (Deg.) mi σci (MPa) 
Experimental test 27.4 4.2 0.2 1.9 4.9 50.6 30 27.4 

Numerical modelling 28.03 4.36 0.23 1.44 5.32 50.3 30.3 24.7 

4. Parametric study 

As noted earlier, the mechanical behavior of the Voronoi model is 
controlled by micro-properties of the Voronoi blocks and contact areas. 
These parameters cannot be measured in the laboratory and must be 
determined through the calibration process. Therefore, it is of great 
importance to understand how these micro-parameters affect the 
macro-scale mechanical behavior of models. 

4.1. Block parameters 

4.1.1. Voronoi block size 

To investigate the effect of the Voronoi block’s size on the mechanical 
behavior of numerical models, the Voronoi edge’s length varied from 2 
mm to 20 mm where other micro-properties were kept constant (Table 
1). Uniaxial compression, triaxial compression at 5 MPa confining 

pressure and direct tensile tests were carried out and the results are 
shown in Fig. 11. In order to present the effect of the Voronoi size on the 
strength at different loading conditions, the measured strengths were 
normalized to the corresponding calibrated value reported in Table 2. 
As the block size increases, the strength of the material at different 
loading conditions increases. The increment of the block size results in 
increment increases the Elastic modulus and decreases the Poisson’s 
ratio. These findings are in agreement with previous studies, as well [24, 
35]. As the intact material is simulated by the well-connected polygonal 
blocks, the Voronoi model is not naturally able to simulate the voids and 
intrinsic micro-cracks of the intact material. As the block size increases, 
the total number of the Voronoi blocks in numerical specimen decreases 
in which the mechanical behavior of the material is largely controlled 
by the blocks than the contact areas. As these blocks are assumed elastic 
and the failure only takes place at the boundary of these blocks, 
increasing the block size results in increasing the strength and alteration 
of the failure mechanism. Therefore, the block size is not just a 
parameter that controls the resolution of material, but also it is an 
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intrinsic characteristic of the model that has a significant effect on the 
mechanical behavior of the model [32, 36, 37]. 

 
(a) 

 
(b) 

Fig. 11. Effect of the Voronoi block size on: (a) normalized direct tensile, uniaxial 
and triaxial compressive strengths, (b) Elastic modulus and Poisson’s ratio.   

4.1.2. Bulk modulus of blocks 

The bulk modulus of the Voronoi blocks was varied in the range of 
3.5 to 6.5 GPa in which the other parameters were kept constant. The 
uniaxial compression tests were undertaken and the results are 
presented in Fig. 12. The bulk modulus has no significant effect on the 
strength while the increase in bulk modulus leads to an increase in 
Elastic modulus as well as a decrease in the Poisson’s ratio. 

  

 
(a) 

 
(b) 

Fig. 12. Effect of block bulk modulus on: (a) uniaxial compressive strength and 
(b) Elastic modulus and Poisson’s ratio. 

4.1.3. Shear modulus of blocks 

The effect of shear modulus of blocks was investigated by varying this 
parameter from 1 to 3.5 GPa whilst the other micro-properties were kept 
constant. As shown in Fig. 13, the increase in shear modulus results in 
an increase in the Elastic modulus and a decrease in the Poisson’s ratio 
while this parameter has no effect on the strength. 

 
(a) 

 
(b) 

Fig. 13. Effect of block shear modulus on: (a) uniaxial compressive strength and 
(b) Elastic modulus and Poisson’s ratio. 

4.2. Contact parameters 

4.2.1. Contact Normal stiffness 

To investigate the effect of the contact normal stiffness on the 
mechanical behavior of the numerical models, the contact normal 
stiffness was varied from 8 to 25 GPa/mm with constant contact stiffness 
ratio (kn/ks = 2.2). The results are shown in Fig. 14. As the contact normal 
stiffness increases, the Elastic modulus increases and the Poisson’s ratio 
slightly decreases. This parameter revealed no effect on the strength of 
the specimens.   

4.2.2. Contact stiffness ratio 

To consider the effect of the contact stiffness ratio (kn/ks) on the 
mechanical behavior of a grain-based model, the contact stiffness ratio 
varied from 1.2 to 3.7 (with constant shear stiffness) in which the other 
micro-properties were kept constant. The results (depicted in Fig. 15) 
show that the contact stiffness ratio had no significant effect on the 
strength while the increase in contact stiffness ratio led to an increase in 
Elastic modulus and a decrease in the Poisson’s ratio. 

4.2.3. Contact cohesion 

The effect of the contact cohesion on strength of the model at 
different loading conditions was investigated by changing this 
parameter in the range of 6 to 9 MPa where other parameters were kept 
constant (Table 1). The contact cohesion showed no obvious effect on 
the tensile strength while the increase in this parameter led to an 
increase in uniaxial and triaxial compressive strengths (Fig. 16). It is 
noteworthy that the impact of the contact cohesion on the triaxial 
strength decreases with an increase in the applied confining pressure. 
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(a) 

 
(b) 

      Fig. 14. Effect of contact normal stiffness on: (a) uniaxial compressive 
strength and (b) Elastic modulus and Poisson’s ratio. 

  

 
(a) 

 
(b) 

Fig. 15. Effect of contact stiffness ratio on: (a) uniaxial compressive strength and 
(b) Elastic modulus and Poisson’s ratio. 

4.2.4.  Contact friction angle 

The effect of contact friction angle on the strength of the models 
under different loading conditions is shown in Fig. 17. The friction angle 
varied from 15 to 35 degrees and other micro-parameters were kept 
constant. The contact friction angle has no effect on the tensile strength 
while the increase in contact friction led to an increase in uniaxial and 
triaxial compressive strengths. It is interesting to note that unlike the 
contact cohesion, when the confining pressure increases, the impact of 
the contact friction angle on the triaxial compressive strength increases. 

      

(a) 

 

(b) 

Fig. 16. Effect of contact cohesion on: (a) uniaxial compressive strength and 
direct tensile strength (b) Triaxial compressive strength at different confining 

pressure. 

 
(a)  

 
(b) 

Fig. 17. Effect of contact friction angle on: (a) uniaxial compressive strength and 
direct tensile strength (b) Triaxial compressive strength at different confining 

pressure. 

4.2.5. Contact tensile strength 

To investigate the effect of the contact tensile strength on the 
mechanical behavior of the Voronoi model, this parameter was changed 
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in the range of 1 to 4 MPa and the results are presented in Fig. 18. The 
increase in contact tensile strength results in an increase in both uniaxial 
compressive and tensile strengths. However, the impact of the contact 
tensile strength on the triaxial compressive strength diminishes with an 
increase in confining pressure. 

 

Fig. 18. Effect of contact tensile strength on the uniaxial compressive and direct 
tensile strength. 

5. Conclusions 

In this study, the mechanical behavior of an intact material was 
simulated using the Voronoi tessellation method. The uniaxial and 
triaxial compression and direct tensile tests were simulated using the 
UDEC code and the results were compared against the experimental 
data obtained from the Hawkesbury sandstone. It was found that unlike 
the bonded particle model in PFC, the Voronoi model can reproduce 
the strength of the material under different loading conditions. Since, 
the mechanical behavior of the Voronoi models is controlled by the 
micro-properties of the blocks and the contact areas, a parametric study 
was undertaken to understand how these micro-properties control the 
macro-scale behaviors. The results showed that the Elastic modulus of 
the material is directly related to the bulk and shear modulus of the 
blocks, the contact normal stiffness and the contact stiffness ratio. The 
tensile strength of the material is only dependent on the contact tensile 
strength. The uniaxial compressive strength of the material is linearly 
dependent on contact cohesion, friction angle and tensile strength. It 
was found that in the triaxial compression test with an increase in the 
confining pressure, the influence of the contact friction angle on the 
strength increases while the impact of contact cohesion and tensile 
strength diminishes. Studying the effect of the Voronoi block size 
showed that as the size of the Voronoi blocks increases, the strength of 
the material under different loading condition increases. Since the intact 
material is simulated by well-connected polygons, the voids and micro-
cracks are not simulated in the Voronoi model and by increasing the 
block size, the mechanical behavior of the model is controlled by the 
blocks properties than the contact areas. 
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