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This study evaluates the effectiveness of the Gaussian copula (GC) in estimating copper grades in a Peruvian copper deposit, comparing its
performance with Ordinary Kriging (OK). The methodology was implemented in Python 3.11.7 and Jupyter Notebook 4.2.5. Model accuracy
was assessed through 5-fold spatial cross-validation using metrics such as Mean Squared Error (MSE), Mean Bias Error (MBE), Mean Absolute
Error (MAE), and Variance. The estimation was conducted using a database of 5,654 composites. The results demonstrate that GC
outperforms OK, achieving an MSE of 0.0882, an MAE of 0.1956, an MBE of 0.0394, and a variance of 0.0369. These values indicate that GC
provides more accurate and less biased estimates, capturing local grade variability more effectively than OK. Although GC shows slightly
higher estimation variance (0.0369 vs. 0.027), it successfully captures the maximum copper grade observed in the real data (2.95% ), unlike OK
(1.62%), suggesting that GC mitigates the excessive smoothing of OK while still maintaining a centered and stable distribution. In conclusion,
the GC method emerges as a robust alternative to OK, offering improved precision, better spatial representation, and enhanced reliability in
mineral resource estimation. Its implementation in Python also promotes greater accessibility and reproducibility, reinforcing its value as a

practical tool in geostatistics.
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1. Introduction

Geostatistics has become a standard methodology for mineral
resource estimation and Earth sciences, with Ordinary Kriging (OK)
being among the most widely used techniques for spatial interpolation
of regionalized variables [1-4]. However, OK presents inherent
limitations due to its formulation. Specifically, in ordinary kriging (OK),
the weights assigned to sample values depend on the spatial
configuration and the covariance model derived from the spatial
continuity of the variable [5]. While the weights themselves are
independent of the sample magnitudes, the final estimation is a
weighted sum of the observed values and therefore incorporates their
magnitudes directly. Additionally, OK does not require normally
distributed data for estimation [5-9], However, when constructing
symmetric confidence intervals based on the Gaussian assumption, a
normal transformation is often applied [10]. This transformation
facilitates the use of kriging variance to generate confidence intervals,
but may introduce bias in skewed datasets.

To overcome these limitations, recent studies have explored the
integration of geostatistical models with copulas, particularly Gaussian
copulas. Copulas model the joint distribution of random variables with
uniform marginals in [0,1] and offer a flexible framework for capturing
dependencies [7]. Various types of copulas such as Gaussian, Student’s
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t, chi-square, Gumbel, Clayton, and Frank have been used to represent
different dependence structures [11, 12]. In geostatistics, spatial copulas
are particularly valuable because they incorporate both the spatial
configuration and the value distribution of samples into the estimation
process, allowing for more adaptive modeling of spatial variability and
the derivation of asymmetric confidence intervals.

The concept of spatial copulas was first introduced by Bardossy [13]
for groundwater quality estimation using Gaussian and chi-square
copulas. Due to their relatively simple formulation and ease of
implementation, Gaussian copulas have been widely studied in various
fields [14, 15]. However, like other elliptical copulas, such as the
student’s t copula [16], the Gaussian copula has limitations when
modeling asymmetric dependence structures, which can lead to an
unrealistic representation of spatial variability [13, 17]. To address this,
alternative copulas with asymmetric tails, such as the chi-square copula,
have been proposed [18]. Nonetheless, copulas remain highly versatile
tools in geostatistical applications [19].

In mineral deposit evaluation, grade estimation is based on sparse
data from drill holes, which provide only partial information about the
deposit [9]. Thus, robust methods are required to infer the spatial
distribution of grade values accurately. While OK is commonly used in

Journal Homepage: ijmge.ut.ac.ir


https://ijmge.ut.ac.ir/
https://dx.doi.org/10.22059/ijmge.2025.398485.595277
https://dx.doi.org/10.22059/ijmge.2025.398485.595277

58 M. A. Cotrina-Teatino et al. /Int. . Min. & Geo-Eng. (IIMGE), 60-1 (2026) 57-66

the mining industry [20—-25]. However, this approach assigns weights to
samples exclusively based on their spatial location rather than their
grade values [5, 26]. Although ordinary kriging does not require
normality for estimation itself, transforming the data into a Gaussian
distribution is often recommended when constructing confidence
intervals under normality assumptions. This step facilitates the
derivation of symmetric confidence bands but may introduce bias in
skewed distributions [9]. Alternative methods like Indicator Kriging
(IK) attempt to address these shortcomings but may exacerbate the
smoothing of extreme values [27, 28].

Gaussian copulas (GC) have been proposed in the literature as an
alternative to kriging for estimating variables with spatial dependence,
as they enable the simultaneous use of spatial configuration and sample
values in weight assignment [13, 29—31]. Similar to IK, Gaussian copulas
allow for the derivation of conditional cumulative distributions at
unknown locations and the computation of associated confidence
intervals [32—35]. However, unlike traditional methods, copulas do not
violate ranking order constraints and provide more accurate estimates
than ordinary kriging [9].

This study evaluates the application of Gaussian copulas for copper
grade estimation in a Peruvian deposit, using open-source tools (Python
3117 and Jupyter Notebook 4.2.5). The proposed algorithm is validated
via Jackknife cross-validation and compared with ordinary kriging
results [7, 36—-38]. Unlike prior works using MATLAB [7-9] or R [39],
this implementation in Python improves reproducibility and
accessibility. In addition, a set of rigorous statistical metrics is applied to
assess model accuracy and bias.

The remainder of the paper is organized as follows: Section 2 details
the methodology for spatial estimation using Gaussian copulas; Section
3 presents the case study, validation, and discussion of results; and
Section 4 provides the conclusions.

2. Materials and methods

This section presents the theoretical background of GC, which are
symmetric functions used to model dependence structures among
variables. Although their standard formulation lacks a spatial
component, in geostatistics, spatial dependence is introduced via
correlograms derived from distance-based analysis, as demonstrated by
Bardossy [13, 29], Sohrabian [9], and Atalay [31]. The following
subsections describe the implementation of GC estimation in Python,
the ordinary kriging method for comparison, and the performance
metrics used for model evaluation.

2.1 Gaussian copula

A copula, denoted as C, is a multivariate function that captures the
dependence structure among variables, and is defined as:

c:10,1]" - [0,1] (¢))

If any input variable equals zero, the copula function evaluates to
zero, reflecting the boundary behavior of joint distribution functions.
According to Sklar’s theorem [40], the joint distribution of n variables
F(Zy,...,Z,) can be expressed in terms of their marginal distribution
Fz,(Z;) and an n-dimensional copula C:

€ (Fa (20, s Py (Z)) = F (2, 0 Z2) @

According to Sklar’s theorem, if the marginal distributions are
continuous, the copula function C is unique and maps from unit
hypercube [0, 1]™ to the interval [0, 1]. This decomposition allows the
joint dependence structure to be modeled independently from the
marginal distributions, which is particularly advantageous in
geostatistics, where spatial dependence and marginal behavior can vary
separately.

The copula-based modeling assumes that the involved variables are
second-order stationary and share identical marginal distributions
across the domain [36]. To apply this approach, continuous variables
are first transformed into standard uniform distributions as follows:
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As aresult, the copula function becomes independent of the marginal
distributions and fully represents the mutual dependence structure. The
inverse transformation gives:

F(Zy, 1 2y) = C(FZM(Z0), o, F5M(Z0)) %)

Here FZ_ll (Z,) is the inverse of the marginal distribution of variable i,
fori=1,..,n

The copula density function, denoted as ¢, is computed via partial
derivatives:

O™ C(Uy,oUln)

0Uq,...upn

5)

c(uy, o, Up) =

This density is useful for constructing likelihood functions or
simulating data from the copula-based model.

The conditional form of the copula is given by:

This density is useful for constructing likelihood functions or
simulating data from the copula-based model.

The conditional form of the copula is given by:

C(uy|Up = uy, ..

Uy = (6)

This conditional form is key for spatial estimation, as it allows the
calculation of the distribution at an unsampled location given the
observed neighboring values.

In the case of a multivariate Gaussian distribution with correlation
matrix R, the Gaussian copula is expressed as:

CCr(2) = Pp(@7Y(Zy), .., 27 1(Z,)) (7)

where @ and @~ ! denote the standard normal CDF and its inverse,
respectively. The density of the Gaussian copula, denoted Cg(.), is given
by:

T

®R'=-D

@7H(Zy) »71(Zy)

1

Cr(2) = 7zewp| -3

(8)

&~ (Zn) O~ (Zn)
Here, |R| is the determinant of the correlation matrix R, I is the
identity matrix, and R™* is the inverse of T.

2.2. Spatial copula

Let Z be a second-order stationary variable with marginal distribution
F,, observed at a set of locations N. Under the assumption of
stationarity, the joint exceedance probabilities are invariant under
spatial translation:

P(Z(x) > g, oo, Z(xi) > ) =
P(Z(x;+h) > uy, .., Z(x; + h) > uy) (©))

where uy, ..., uy, are thresholds and h is a lag vector. Based on this, the
empirical copula can be expressed as a function of distance:

¢, (P(F, > ulz2(0)) = C(F(2(x + 1) > ulFy(2(0)) >w)  (10)

To incorporate spatial structure into the Gaussian copula, empirical
autocorrelograms and cross-correlograms are computed. In this study,
we use a univariate representation, where the autocorrelogram of Z is
fitted to a theoretical model. By applying the modeled correlogram to
the distances between sample points and the estimation location, we
construct the correlation matrix used to compute the conditional copula
density.

Numerical integration and normalization are then applied to obtain
the conditional distribution function at each unsampled location. From
this, both the expected value and confidence intervals can be derived for
a given significance level [13, 29-31].

2.3 Ordinary kriging

Ordinary kriging is a widely used geostatistical technique for
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interpolating values at unsampled locations. It is theoretically
recognized as the Best Linear Unbiased Estimator (BLUE), minimizing
estimation variance under the constraint of unbiasedness, based on a
variogram that characterizes spatial continuity [41-45]. In OK, the
estimate at a location x, is a weighted linear combination of nearby
sample values Z(x;), expressed as:

Z7(xo) = X1 AiZ(xy) (1)

where n is the number of conditioning samples and A; are the kriging
weights. These weights are determined by solving a linear system that
incorporates the spatial covariance structure, typically written in matrix
form as:

RN

Here, y;; represents the semivariance between locations x; and x;,
and p is the Lagrange multiplier ensuring unbiasedness. Although OK
does not intrinsically produce confidence intervals, if the estimated
variable is assumed to follow a multivariate normal distribution,
symmetric confidence intervals can be constructed using:

1Cox = Z"(x0) £ @0 (13)

where o is the square root of the kriging variance, and @ is the
standard normal deviate corresponding to the chosen confidence level
[46].

2.4. Estimation procedure using gaussian copulas

The Gaussian copula-based estimation was implemented through the
following steps:

i. Transformation of data to copula space: The copper grade values
Cu (x;) were transformed into a standard uniform distribution
using the percentile ranking method with the rankdata () function
from the SciPy library [9, 471.

ii. Computation and fitting of the correlogram: The empirical
correlogram of the transformed variable was computed over
discrete distance lags using the Euclidean metric (cdist()). A
theoretical model (exponential, logarithmic, or spherical) was then
fitted using curve_fit() to estimate the nugget, sill, and range
parameters [48, 49].

iii. Selection of optimal conditioning data (NCD): The number of
nearest neighbors and optimal search radius were selected based on
the fitted correlogram [9].

iv. Conditional copula estimation: To estimate the conditional
distribution at an unsampled location, the & nearest neighbors are
identified based on spatial distance. A correlation matrix R of size
(k+ 1) x (k+ 1) is constructed using the modeled correlogram,
where the last row and column represent the estimation location.
The matrix is partitioned as:

Ri1 Ry
Ra1 Ry
k nearest neighbors. R, € R*"and R,, € R are the correlations
between neighbors and the estimation point. R,, = 1is the self-
correlation.

Let Z = (Z,,Z,,...,Zy) be the values at the neighbors in copula
(Gaussian) space. Then, assuming multivariate normality, the
conditional distribution of Z, (unsampled point) is:

R= ] where: Ry; € R¥** is the correlation among the

E[Zo)Z] = Ry Ri{Z (14)
Var[Zy|Z] = 1 — Ry Ri{ Ry, (15)

This conditional normal distribution is transformed to the copula
space via the standard normal CDF, and finally, the result is mapped
back to the original data space using the inverse of the empirical
marginal distribution.

v. For each estimation point, the nearest neighbors were identified
based on distance. The transformed values were used to compute
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the conditional copula density. The resulting distribution was back-
transformed using empirical quantiles to yield the final estimates,
preserving the original distribution characteristics [9].

Five-fold spatial cross-validation: The model was validated using 5-
fold spatial cross-validation, implemented by grouping samples
based on spatial proximity to avoid autocorrelation leakage. This
procedure was carried out using the KFold() function from Scikit-
Learn, and applied identically for both OK and GC methods. The
following performance metrics were computed: Mean Squared
Error (MSE), Mean Absolute Error (MAE), Mean Bias Error
(MBE), and estimation variance [9, 50].

2.5, Evaluation metrics

To evaluate the estimation accuracy, the following metrics were used:
Mean Bias Error: Assesses systematic bias in the estimates. Ideal
models exhibit MBE values close to zero [51, 52].

MBE = = %(Cu(x;) — Cu* (x))) (1e)

where, Cu*(x;) is the estimated copper grade at location x; and m
represents the total number of estimation points.

Mean Squared Error: Quantifies average error magnitude, penalizing
large deviations [53, 541:

MSE = = %.(Cu(x;) — Cu" (x;))? 17

Variance of estimates: Indicates the smoothing level of the estimator.
Higher variance reflects greater dispersion; very low variance may
suggest over-smoothing.

Var = ~%(Cu(x) — Cu(x;)) — MBE)? (18)

Algorithm 1 Mineral grade estimation using gaussian copulas
Input:
Cu(x;) sampled copper grades

1. Stepl; convert Cu(x;) to a uniform distribution:
U = rank(Cu(x;))
| = ankcutx))

n
Store transformation
2. Step2; compute and fit the correlogram:
Compute the distance matrix D;; = || — x,-||

- . (U
Calculat, I correlation: y (hy) = ——3; jip, ~
alculate empirical correlation: y (hy,) 2N(hk)2"’|"u~"k U)

Fit and exponential model: y(h) = nugget + sill x e~/7ange
3. Step3; select optimal neighbors (NCD)
Determine NCD and R, based on y(h)

4. Step4; estimation with copulas, for each estimation point x, do

Select the NCD nearest neighbors x;
Use the modeled correlogram to compute the correlation matrix
R
Partition R into Ry, (neighbors), R;,/R;; (cross-correlations),
and R,, (1)
Transform U; to standard normal space:
Compute:
Zy = Ry Ri{ Z;
0§ =1~ Ry Rii' Ry,
Back transform:
Up = @(Zy)
Cu*(x0) = Fg,' (Uo)

Apply inverse transformation:

5. Step5; spatial 5-fold cross-validation and accuracy metrics:
Group the data into 5 spatially distinct subsets based on
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proximity. For each fold, compute Cu*(x;).
Mean squared error: MSE = %Z(Cu(xi) —Cu*(x;))?
Mean absolute error: MAE = iz |Cu(x;) — Cu*(x;)|
Mean bias error: MBE = iZ(Cu(x,-) — Cu*(x)
Error variance (Var): Var = iZ(Cu(xi) —Cu*(x;)) — MBE)?
end for
end for
6. Step6; comparison
if MSE¢e < MSEqy y IMBEgc| < [MBEok|y Varge < Varyy then
Accepted estimation with gaussian copula
else
optimize NCD y R,p,
end if

output: Estimated copper grade Cu*(x;), accuracy metrics (MSE,
MAE, MBE, Variance).

3. Results

The deposit under study is a polymetallic mine with a predominant
presence of copper (Cu) in Peru, where mineralization is strongly
controlled by lithology and associated hydrothermal processes. Five
main rock types have been identified in the mineralized zone, each
exhibiting specific characteristics that influence the spatial distribution
of copper. The Magnetite Skarn (Rock 1) is associated with high copper
grades due to intense hydrothermal alteration and metasomatic
replacement. Granodiorite (Rock 2), the most represented unit in the
database, is an intrusive rock hosting disseminated mineralization.
Dacitic Porphyry (Rock 3) contains copper within veinlets and fracture
zones. Limestone Sediments (Rock 4) and Catalina Volcanics (Rock 5),
though less abundant, may exhibit copper enrichment depending on
their interaction with mineralizing fluids [55, 56]. To provide geological
context and support this approach, a simplified geological map of the
deposit is presented in Figure 1, illustrating the spatial distribution of
the main lithologies.

[ Bellavista formation
[ Machay group

1 Goyllarisquizga group
[ Pucara group

[ Catalina volcanics
[ Quartz porphyry
[ Diorite

5 |1 Monzonite

ESCALE 1 : 100.000
2 3 4 5

0 1

Kil

Figure 1. Simplified geological map of the copper deposit, showing the spatial
distribution of the main lithological units.

3.1 Data description

The statistical analysis of 5654 composites reflects the spatial

JMGE |}

heterogeneity of copper mineralization within the mine. The mean
copper grade is 0.43%, with values ranging from 0.00% to 2.95%,
indicating the presence of high-mineralization zones. The grade
distribution exhibits a positive skewness of 1.21 and a kurtosis of 2.73,
suggesting the presence of outliers with elevated copper grades, likely
concentrated in the Skarn and Dacitic Porphyry zones. The variance of
0.08 and a standard deviation of 0.29 confirm a significant dispersion in
copper values, implying the influence of multiple lithologies on mineral
distribution (see Table 1). Additionally, lithology was treated as a
categorical variable. The most frequently occurring rock type in the
database is Granodiorite (Code 2), representing approximately 58.67%
of the samples. This suggests that Granodiorite serves as the
predominant rock for copper mineralization in the deposit (see Table
2).

Figure 2 illustrates the three-dimensional distribution of drill holes
conducted in the mine, representing the variability of copper grade (%)
throughout the deposit. A predominant concentration of low to
moderate copper values (blue shades) is observed, with localized zones
of higher enrichment (green to red shades).

Table 1. Descriptive statistics of the database.

Feature East (m) North (m) Elevation (m) Copper grade (%)
Count 5654 5654 5654 5654
Mean 375606.25 8717015.68 447354 043
Std dev 307.24 39354 169.54 029
Minimum 374821.06  8716003.08 4050.35 0.00
25% 37539342  8716738.40 4340.07 023
50% 37560229  8716995.80 446281 038
75% 375824.99 871727173 460749 0.58
Maximum 376414.81 8718153.15 4902.14 295
Mode 375388.76 8716581.22 423033 025
Variance 94394.22 154875.70 2874349 0.08
Skewness 0.01 019 0.07 121
Kurtosis -0.45 -0.23 -0.81 2.73

Table 2. Frequency distribution of lithology types in the database.

Rock type code Lithology name Count Percentage (%)
1 Magnetite skarn 906 16.02
2 Granodiorite 3,317 58.67
3 Dacitic porphyry 1,079 19.08
4 Limestone sediment 307 543
5 Catalina volcanics 45 0.80
Total 5654 100.0

uorjesd[d

374800 [ito.2
375000

375200

375400 0.0
375600

375800 o

376000 42

376200

376400

Figure 2. 3D drill holes with copper grade distribution.
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3.2, Spatial variability analysis

To ensure reliable copper grade estimations within the deposit, a
detailed analysis of spatial variability was conducted. This process
involved transforming the original data into both Gaussian and uniform
distributions, as well as computing omnidirectional correlograms, which
are essential for implementing Gaussian copulas in Python.

Figure 3 illustrates the transformation of copper grade distributions.
The left panel displays the Gaussian transformation, which results in a
symmetric distribution centered around the mean, ensuring that the
data conform to a standard normal distribution. This transformation
was necessary for estimation using OK. In contrast, the right panel
presents the uniform transformation, where values are evenly
distributed within the range [0,1]. These transformations facilitate the
modeling of dependence structures independently of the original
marginal distribution. The uniform transformation was performed using
the rankdata function, while the Gaussian transformation was carried
out with SGeMS software [57, 58].

In this study, grade estimation was performed using a single global
domain. Although the mineralization is geologically influenced by
lithology, an initial structural and exploratory data analysis showed no
strong evidence of spatial anisotropy or abrupt grade boundaries that
would justify the definition of separate estimation domains. The
omnidirectional variogram/correlogram model was selected based on
isotropic behavior observed in experimental structures. This approach
was adopted to simplify the comparison between OK and GC methods
and ensure both estimators were evaluated under identical spatial
conditions.

Table 3 presents the spatial structure parameters used in both OK and
GC estimation. Although copulas are typically based on correlation
structures (correlograms), in this study a consistent approach was
applied by fitting both the variogram (used in OK) and the correlogram
(used in GC) to the same theoretical model with identical range (81.25
m), ensuring comparable neighborhood influence. For GC, the
correlogram was modeled indirectly using the same nugget, sill, and
range parameters as the variogram to maintain consistency across
methods.

Gaussian transformed copper grade distribution

Uniform transformed copper grade distribution

200
500
175

150

Frequency
Frequency

100

-3

3 00

-2 -1 0 1 2 08
Gaussian transformed copper grade Transformed copper grade (Uniform)

° oo}—.—Hc

-3

3 0.0 02 04 06 08 1.0

-2
Gaussian transformed copper grade Transformed copper grade (uniform)

Figure 3. Transformed copper grade distributions.

Table 3. Spatial structure parameters used in ordinary kriging and Gaussian copula
estimation.

Nugget Sill Range
Variogram 0.038 0.800 81.25
Correlogram 0.033 0.887 8125

Figure 3 illustrates the experimental correlogram of the transformed
values alongside the fitted model. A strong correlation is observed at
short distances, followed by a gradual stabilization, indicating the spatial
influence range of the data. This analysis was performed by computing
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the distance matrix between drill holes and fitting an exponential model
using the curve_fit function [59].

The main advantage of the GC method over OK lies in its ability to
model complex, non-linear dependencies between spatial data points
while preserving the original marginal distribution. Unlike OK, which
assumes linear relationships and relies solely on a variogram-based
spatial structure, the GC method uses a copula-based joint distribution
to capture more flexible spatial interactions. This allows GC to generate
conditional cumulative distributions at unsampled locations, enabling
both point estimates and the construction of asymmetric confidence
intervals. Additionally, the GC method incorporates both the spatial
configuration and the sample values into the estimation process,
offering better adaptation to local variations and a more accurate
representation of spatial heterogeneity. These characteristics make GC
particularly useful in deposits with skewed grade distributions or non-
stationary behavior.

1.0 . @ Experimental
=== Variogram model
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0 50 100 150 200 250 300 350 400

Lag distance (m)

Figure 3. Experimental and fitted correlogram for Gaussian copula estimation.

3.3. Performance evaluation using 5-fold cross-validation

This study evaluates the performance of OK and GC estimation
methods through 5-fold spatial cross-validation, aiming to assess the
accuracy and bias of copper grade estimations in a copper deposit. For
the implementation of the GC method, advanced statistical techniques
were applied to model nonlinear dependencies between geospatial
variables, which is crucial for accurately representing the structural
complexity of mining data. Cross-validation was carried out by selecting
17 nearest neighbors (NCD) for each fold as conditioning data, based on
a preliminary cross-validation analysis. The optimal search radius was
set to 81.25 meters to maximize estimation accuracy while minimizing
the influence of local fluctuations. Both methods, OK and GC, were
evaluated under identical conditions, allowing for a direct performance
comparison.

Table 4 presents key metrics obtained through 5-fold cross-validation,
including MBE, MSE, MAE, and variance for the OK and GC methods.
The results indicate that the GC method outperforms OK in terms of
estimation accuracy. Specifically, GC achieved a lower MSE (0.0882 vs.
0126) and MAE (01956 vs. 0.264), indicating smaller overall and
absolute prediction errors. Although the MBE of GC (0.0394) is slightly
farther from zero than OK (-0.006), both values remain close to zero,
suggesting that both methods produce nearly unbiased estimates. GC
shows a slightly higher estimation variance (0.0369 vs. 0.027); however,
it reproduces the actual maximum copper grade (2.95%), unlike OK
(162%), and its narrower interquartile range suggests more precise
estimates. This indicates that GC mitigates the smoothing typically
observed in OK, capturing extreme values more effectively while
maintaining estimate stability.

Figure 5 presents a boxplot comparing the copper grade distribution
of the real dataset against the estimates generated by OK and GC
methods. The actual maximum copper grade reaches 2.95%, while the
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maximum values estimated by OK and GC are 162% and 2.95%,
respectively, indicating that only GC successfully reproduces the
maximum real value. The median grade from the real data is 0.58%,
which is higher than both OK (0.41%) and GC (0.38% ). Additionally, the
interquartile range of GC is slightly narrower than that of OK,
suggesting more concentrated and less dispersed predictions.

Figure 6 shows the variance distribution of copper estimates
produced by OK and GC. On average, GC exhibits a slightly higher
variance (0.347) compared to OK (0.318). However, the shape of the
boxplots shows that OK's estimates have a denser concentration below
0.5 with more compact outliers, whereas GC displays a more
concentrated distribution but successfully estimates the real maximum
value, which OK fails to reach. This indicates that while GC smooths
less than OK in terms of upper extremes, it still maintains a more stable
distribution overall.

Figure 7 illustrates the frequency distribution of copper estimates for
both OK and GC. Both methods produce positively skewed, unimodal
distributions, but GC’s curve is noticeably sharper and narrower,
centered around ~0.35%. This indicates that GC tends to concentrate its
estimations closer to the mean, reflecting a smoother and more
conservative estimation behavior. Conversely, OK displays a wider and
flatter distribution, showing a greater spread of values, which can result
in less stable estimations across the domain.

34 Copper grade estimation in the deposit

The copper grade estimation was performed using a block model
within a 3D grid. Each block had dimensions of 30 m x 30 m x 30 m,
resulting in a total of 112,570 blocks. The Gaussian copula parameters
obtained from the Jackknife validation test were incorporated into the
estimation process.

Figure 8 compares the copper grade distributions estimated using OK
(left) and GC (right) at a constant elevation of Y = 8716600. The OK
estimation produces a smoother distribution, where high-grade areas
appear more dispersed and less concentrated. In contrast, the GC
estimation exhibits a more localized distribution, with well-defined
high-grade copper zones and sharper transitions between high- and low-
grade areas. This behavior reflects the greater variability and sensitivity
of the GC method in capturing local structures.

Figure 9 provides a 3D visualization of the spatial distributions of
estimated copper grades using OK and GC at different deposit
elevations.

Table 4. Performance metrics for estimation models (OK vs. GC, 5-fold cross-
validation).

Metric Ordinary kriging (OK)  Gaussian copula (GC, mean of 5 folds)
MSE 0126 0.0882
MAE 0.264 0.1956
MBE -0.006 0.0394
Variance 0.027 0.0369
3.0 295 === Max Real =
=== Max OK
=== Max GC
25
20 8
. o
15 o ©

05 .41 ~— Y3
0.0 i % i
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Figure 1. Box plot comparing copper grade estimates from OK and GC methods.
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Figure 7. Frequency distribution of estimated copper grades using OK and GC.

Copper grade

(OK) at Y = 8716600 m

4800

4600

Elevation (m)

4400

4200

375000 375200 375400 375600 375800 376000 376200
East (m)

Copper grade distribution (GC) at Y = 8716600 m

4800

4600 BF

Cu (%)

4400

Elevation (m)

4200

375000 375200 375400 3

6000 376200

East (m)

Figure 8. Comparison of copper grade estimates using OK and GC at Y=8716600.

Figure 10 shows the grade-tonnage response curves for OK and GC,
based on the same block model and consistent estimation parameters.
The curves indicate that GC predicts higher tonnages at lower cut-offs,
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Figure 9. 3D visualization of copper grade estimates using ordinary kriging and gaussian copulas.

while OK surpasses GC at higher thresholds. The average copper grade
increases with the cut-off in both methods; however, GC consistently
yields higher values, demonstrating its ability to preserve high-grade
zones. These results are consistent with the findings of Atalay et al. [31],
reinforcing the idea that GC produces more selective estimates,
particularly at elevated cut-offs.

0~~~ '
;
;

S

L,
6000+ -
L
2
)
5000 - - - =10
S

= 4000+ — OK- Tonnage
—— GC- Tonnage
= OK- Grade

. == GC-Grade

DS
AN
AN
AR
N
N
N,
N
\
AN
LS
LY
Y
LN
NN
N,
NN
\
\
\
\
\
\
\
\,
\
\
o )
> @
Average Cu (

0.4 0.6 0.8

Cu Cut-off (%)

Figure 2. Tonnage and average copper grade as a function of Cu cut-off for OK
and GC.

This study evaluates two main approaches for copper grade
estimation: OK and GC, comparing their performance through various
accuracy metrics. The results suggest that GC provides a more accurate
and less biased alternative to OK, aligning with previous studies that
have also highlighted the effectiveness of copulas in geostatistical
estimation. The MSE for GC estimation in this study was 0.0882, which
is slightly higher than the 0.084 reported by Sohrabian and Tercan [9]
but significantly lower than the 0.149 found by Sohrabian et al [7]. This
reflects a strong level of accuracy, further enhanced by the Python

implementation and the use of 5-fold cross-validation, which increased
model robustness compared to other methodologies.

The MAE obtained for the GC model was 0.1956. While this metric is
not commonly reported in similar studies, its relatively low value
suggests competitive performance in estimating copper grades.
Sohrabian et al. [7], who tested several copula families on a porphyry
copper deposit in Iran, found Gumbel, Frank, and Clayton copulas to be
effective, though MAE values were not explicitly discussed. Their
results, however, support the use of copulas to model spatial variability
an outcome that aligns with the findings of this work.

In terms of MBE, this study achieved a value of 0.0394, indicating a
slight positive bias. This is notably lower in magnitude than the negative
biases reported by Sohrabian and Tercan [9] (-0.089) and Sohrabian et
al. [7] (-0.124), suggesting that the GC-based estimates in this study are
more centered and balanced. These results are consistent with the work
of Atalay et al. [31], who noted that GC typically produce globally
unbiased estimates, with the ability to capture sharp transitions in
mineral grade distributions. Unlike the findings of Bardossy [13], where
GC were rejected for certain hydrogeological applications, this study
confirms their effectiveness in modeling copper grades likely due to the
spatial complexity and variability of the studied deposit. Furthermore,
the improved results obtained here reinforce the conclusion of
Sohrabian et al. [7] that copula-based methods whether Gaussian or
alternative families can outperform kriging under appropriate spatial
configurations.

In terms of variance, the GC model in this study achieved a value of
0.0369, which is higher than the 0.027 reported by Sohrabian et al. [9]
but still lower than the 0.050 observed by Sohrabian et al. [7]. This
intermediate result suggests a balance between capturing spatial
variability and maintaining estimate stability. The implementation of
the GC in Python, combined with 5-fold cross-validation, likely
contributed to enhanced estimator performance, yielding reliable
copper grade predictions for the studied Peruvian deposit.
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Furthermore, these findings align with the observations of Atalay et
al. [31], who highlighted that GC generate higher tonnage and greater
mean grades at elevated cut-offs, whereas at lower cut-offs, they yield
lower tonnage estimates, reflecting greater precision in mineral resource
estimation. This is consistent with the present study, which also
demonstrates an improved ability to adapt estimations to the spatial
distribution of copper grades. A key contribution of this study is the
implementation of GC in Python, representing a significant
improvement over previous studies that utilized MATLAB [7-9] or R
[39]. Python not only enhances accessibility and reproducibility but also
facilitates rigorous statistical testing, including 5-fold cross-validation,
thereby increasing the reliability of the obtained results [60, 61]. This
optimization of GC implementation represents a notable advancement
in geostatistical estimation methods (see Table 5).

Table 5. Comparative analysis of copula-based estimation metrics.

Metric ~ This study Sohrabian and ~ Sohrabian etal. Atalay et al
Tercan [9] [71 [311
MSE 0.0882 0.084 0.149 - -
MAE 0.1956 - - - -
MBE 0.039% -0.089 -0124 - -
Variance 0.0369 0.027 0.050 0.019 89,434

4. Conclusions

This study evaluated the application of GC for copper grade
estimation in a copper deposit in Peru, using a Python-developed
algorithm and comparing its performance with OK through 5-fold
spatial cross-validation. The results demonstrate that GC outperforms
OK in terms of accuracy and bias, achieving a lower MSE = 0.0882, a
reduced MAE = 01956, and a MBE = 0.0394, which is closer to zero
compared to OK (MSE = 0126, MAE = 0.264, MBE = -0.006). In terms
of estimation variance, GC yielded a value of 0.0369, slightly higher than
OK (0.027). However, GC accurately captures the maximum copper
grade observed in the real data (2.95%), which OK fails to reach. This
indicates that GC reduces the smoothing effect associated with OK,
providing estimates that are both stable and capable of reflecting local
extremes. These outcomes confirm that the GC method better captures
the spatial structure and grade distribution of the deposit. Furthermore,
the implementation in Python based on correlogram analysis and
optimal neighbor selection enabled more realistic spatial interpolation.
Its open-source nature also enhances reproducibility and accessibility,
representing a valuable contribution to applied geostatistics in the
mining industry.

Despite the positive results obtained, this research has some
limitations that could be addressed in future studies. First, the
implemented model is based on a univariate Gaussian copula applied
spatially, meaning that it does not consider multivariate dependency
structures with other geological or mineralogical variables. Future
research should explore multivariate copulas, which could improve
modeling capabilities by incorporating relationships with other
geochemical elements or structural attributes of the deposit.
Additionally, the model used in this study does not incorporate
directional anisotropy or lithological boundaries. Although the current
study relied on a global domain supported by isotropic behavior in the
experimental correlograms, future work should test estimation within
lithological domains and use anisotropic structures to further enhance
local accuracy. Finally, although 5-fold cross-validation has provided a
robust evaluation of the method, future studies could validate this
methodology in different mineral deposits to assess its applicability in
various geological settings and enhance its generalization potential.
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